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Q • Abstract 



We give a construction of Drienfeld's quantum double for a nonstandard 
deformation of Borel subalgebra of si (2). We construct explicitly some simple 
representations of this quantum algebra and from the universal R-matrix we 



obtain the explicit solutions of the Yang-Baxter equation in those cases. 
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1 Introduction 



One of the most important quantum group constructions is Drienfeld's quantum 
double |2|]. This construction was used by Drienfeld for construction of quantum 
deformations of simple Lie algebras. In well know example of U(sl(2)) we start from 
a Borel subalgebra and the Drienfeld's quantum double gives U q (sl(2)) ® U(u(l)). 

It was pointed by Ogievetski || that there exists another nonequivalent Hopf 
algebra deformation of the Borel subalgebra connected via FRT construction 
with the solution of the Yang-Baxter equation 



R 



which was found in IfEfl and studied in 
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(1) 



[|T0f| The aim of this letter is solve 



an interesting question what we will obtain when the Drienfeld's quantum double 
construction is applied to this deformation. 

2 The basic Hopf algebra and its dual 



Let us consider the Hopf algebra A=U 1 b_ over C[[7]], the formal deformation of 
Ub- of sl(2) with the generators r, it and with the relations 



\r, tt] 

The coalgebra structure is given by 

A(r) 
A(tt) 



-2tt. 



(2) 



and antipodes are 



■■ t <S> 1 + A®r 

■ TC <g> 1 + A^ 1 <g> 7T 

e(r) = e(vr) = 

S( T ) = -A-V 

S(tt) = -Att 

5 CT (r) = -tA- 1 

S a M = -Att, 



(3) 



(4) 



where A = (1 — 77T)- 1 . 

We may construct the dual Hopf algebra A* with the generators T, P and with 
the pairing 



(T, T n 7T^) = f <5 n l(5fco 



(P, TV) 



n„fe\ dcf 



(5) 
(6) 
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From this pairing one may easily deduce the comultiplications 



Proof 



and 



and 



A(T) = T®1+1®T 

A(P) = P®e 2T + l®P (7) 



(A(T), T ni ir kl ® r" 2 7r fc2 ) = (T, T ni Tc kl T n ' 2 ir k2 ) = 

= Oni AiO"n 2 O0fc 2 O + ^ni0dfei00n 2 l0fc 2 



(A(P), r" 1 / 1 ®r" 2 7r fc2 ) = (P, T ni ir kl r n2 ir k2 ) = 

— ^niOOfciO"n 2 0^fc 2 l + ^ni0^fcil^fc 2 o2 n2 



(T fe , r n ) = n\5 nk 
as will be proven (see the equation (|9])). □ 

We are to find the commutation relations between T and P. The result is 

[T, P] = -^7(e 2T -l) (8) 



Proof 



(TP, r n 7r fc ) = (TOP, A(r n 7r fc )) = 

(PT, tV) = (P<g>T, A(r n 7r fc )) = 

= S nl 8 kl + {n> 0) 7 5 fc0 2 n - 1 , 



where the symbol (x) is defined 



1 if a; is true 
otherwise 



□ 

Now is time for counting of powers of the generators. Let us start with promised 

<T", r k n m ) = n\5 nk S m0 (9) 
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Proof 

(T n , r k 7T m ) = (T 0r \ A n ~ 1 (Y fe 7r m )) = 

= 5 m0 (T® n , (t 1 + --- + t„) fc ) 

since (|5|), (g) and A = 1 + 77r + o(7 2 ), where 

*i d = £®1®---®1 

Hpf 

t 2 ^ 1 ® £ ® 1 ® • • • ® 1 
Hpf 

t„_i = 1 ® • • • ® 1 ® £ ® 1 
t„ d = l®---®l®t 

And so (T® n , (*! + ••- + t n ) fc ) = 5 nfc n! □ 

And now we will switch to P 

(P« r "V) = ( 5 mO (- 7 )«-fc « (io) 

where 

= EQ(- 1 ) fc " p p n 

with the following properties 

6£ = for k > n 6™ = n! (11) 

Proof 

A(7r) = 7T®l + l®7r — 77T®7T 

n+1 n+1 n+1 

A"(ff) = + E ^7T j + (-7) 2 J] TTiTTjTTfc + • • • + 

i=l i>j=l i>j>k=l 

+ (-7) n 7Ti7r 2 • • ■ V" n 7T n 4-l , 

by the induction, where 7Tj is defined similar as for r. We ought to calculate 

(P n , T k 7T m ) = (P m , A n ~ 1 (T m 7T k )) = 

= 6 m0 (P® n , A n -\n) k ) 

Thanks to (|6]) we may k/s in the previous pairing consider as grassmanian variables 
7T 2 = 0, for j — 1, . . . , n and -K^j = irjiTi for i, j = 1, . . . , n. Under such ansatz 
we have this very convenient result 

A"(7r) { d --(e-^tl^ -1) (12) 

7 
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as one may easily check (= means the equality in the pairing). So we will proceed 

(P 8n , A"-V) fc > = (P® n , (--(e-^Lx-i - l)) k ) = 

7 

= (p®« (-7)" fc S P )(-l) fc ^e- 7P ^"=i^) = 
p =o Vv 

= (-Tr'E^V- 1 )^" 

p =o \PJ 



□ 

Now we may obtain the general formula 

(T J P n , r"V> = ml^-C-Tr-^^V-l)*-^" (13) 

p =o vv 

Proof Straightforward □ 

At this moment we have the description of the dual Hopf algebra A* or precisely 
we have only the explicit form of the bialgebra structure, but henceforth we will 
not need the antipodes. Let us construct the double now. 

3 The quantum double D(y4) 

We have to combine A and A°, where A° is the dual A* with the opposite corn- 
multiplication. Let us briefly summarize these structures: 

[r, tt] = -2tt 

[T,P] = ~\l{e 2T -l) 
A(t) = rOl + A®r 

A(tt) = 7T <g> 1 + A" 1 <g> 7T 

A(T) = T®1 + 1®T 

A(P) = P®l + e 2T ®P (14) 

For the commutation relations between tt, t and P, T we are forced to use the 
standard procedure 

X( = S((A 2 (X), ^A 2 (C))i 3 ) (15) 

for X G {P, T} and ( G {n, r}, where (,) 13 is the evaluation between the dual 
algebras on the first and the third position and £ exchanges A° and A 
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This reads in our case as follows: 



[P, r] 

[P, tt] 

[T, r] 

[T, A 



-jt - 2P 
A _1 e 2T - 1 + 77T 
A-1 




(16) 



Proof 



Pt 



2T 



J2T 



®P 



JIT 



P(g)l + P<g)l®l, 



S{{t ®1®1 + A®r®l + A®A® r))i 3 ) 



£((e 2T ^e 
-rA _1 <g> 1 
£(Pr- 7 r-2P) = 
rP - 7T - 2P 



2r ^>P + e 2T ®P® 1 + P 
1 + A -1 <g> r <g> 1 + A -1 ( 



) 1 <g> 1, 
A ® r)i 3 ) 



and similary the others. □ 

To obtain the classical limit one may introduce the new generators 



def P 

v = — 

a 

t d ^ - 

a 



(17) 



where a = f 7/2 In these generators the quantum double D(.4.) looks 





= -2r - 2p 


[P, t] 


= A _1 e 2a * - 1 + 27r 


[t, A 


= 1 (A"1) 

CK 


[t, tt] 


= 


[r, tt] 


= -2tt 


[*> P] 


= -i( e 2 ^-i) 




A(r) 


= T <g) 1 + A (g) T 


A(tt) 


= 7T <g> 1 + A _1 <g) 7T 


A(t) 


= t <g> 1 + 1 <g> t 


A(P) 


= P <g> 1 + e 2at <g> p 



(18) 

The classical limit is then the enveloping algebra of the Lie algebra L with four 
generators and Lie brackets have this form: 



[t, 7r] = — 2tt 
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[t, V 

[t, T 

[p, 7T 

[t, 7T 



-2r - 2p 

-2* 

2tt 

2* 





(19) 



4 The universal i?-matrix 



We have to find the dual bases for A and A°. If define Rj as 

R-y = P 

n—l 

R n ^ p n - e^p fc (- 7 )"- fe 



we have 



Proof easy □ 



(T n R k , r m n l ) = n\k\S nm S, 



ki 



Then we have the universal i?-matrix in the form 

OO 1 

n = E ^r,r n n k ®T n R k 



5 Representations of D (*4) 



(20) 
(21) 



(22) 



The problem to find (all (irreducible)) representations of D(*4) is generally very 
dificult, but in our case we have luckily at least two representations obtained from 
the classical limit L: 

The two dimensional one p, parametrized by the three complex numbers x, y, z 



Pxyz ( 



T 



dcf 



-Pxyz(p) 



dcf 



ct 3 + xl + ya_ 



Pxyzijt) = f p xyz (t) 



Z<7. 



where 1 is the identity matrix and ct 3 , ct_ are Pauli matrices 

0"3 = 



1 
-1 





1 



(23) 
(24) 

(25) 



Because <j 2 _ = the representation p of L induce the representation of D(*4) and 
so we have this solution of YBE: 



R 



x 1 ,y 1 ,zi,x 2 ,V2,Z2 



(I 0\ 

-az 1 (l + x 2 ) 1 

az 2 (l + x 1 ) 10 

/ az 2 (x!-l) -az 1 (x 2 -l) l) 



(26) 
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where / = — a 2 Ziz 2 (xi — l)(x 2 + 1) + a{z 2 y\ — ziy 2 ). The solution of constant 
Yang-Baxter equation (setting x± = x 2 = x, y± — y 2 = y, Z\ = z 2 = z and 
7 = az{x + 1), P = az(x — 1)) 



R 



Pi 



(27) 



/ 1 0^ 

-7 1 

7 1 

V-7/3 P -{3 1/ 

is the transposed ([[]). 

The three dimensional representation we may obtain using the fact that the 
element 7r — t is central in L and after the factorization L/(tt — t) we have the 3D 
Lie algebra L with the structure 



[T, TT\ 



-2% 
-2f 
-2jf 



2p 



(28) 



The representation g is given by the adjoint representation 



ad7r 



adr 



&dp 




(29) 
(30) 



as follows 



Qx V {t) 

Qxyip) 



Qxyif) = y-advr 
adf + xTL 
adp — xl. 



As above since ad7r 2 
R(x 1 ,y 1 ,x 2 ,y 2 ) = 



this representation gives the solution of YBE 

1 + a(g xiyi (n) ® g X2V2 (p) + Q xiyi (r) ® + 
+<y 2 g xiyi (m) <g> g X2V2 (tp) 



(31) 



(32) 



6 Conclusion and Remarks 



The classical limit of the quantum double D(^4) - Lie algebra L is obviously not 
gl(2) as one may see after the change of bases in L (E$), which provides such 
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commutation relations: 



[H, X±] = ±2X ± [X + , X~) = (33) 

After the finishing of this letter we have obtained the preprint ||, where the 
author reformulates the FRT method in terms of the Quantum double. He has stud- 
ied the case of the matrix ([]]) and he has constructed the corresponding Quantum 
double (but the formula for the universal i?-matrix is given only in several terms 
of its formal power expansion). It is however generally very dificult to compare 
those explicit formulae for two algebras. We have solved this problem only for the 
classical limit and we are able to show the equivalence. 
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